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Abstract—Extending our recent works on geometrically-exact sandwich beams and one-dimensional
plates [see e.g. Vu-Quoc and Ebcioglu (1995); Vu-Quoc and Deng (1995¢c) ; Vu-Quoc and Deng
(1995a)]. we present here a geometrically-exact sandwich shell theory, entirely in terms of stress
resultants which accommodates finite deformations in membrane, bending, and transverse shear.
The motion of the shell are referred directly to the inertial frame ; the transverse fiber of the sandwich
shell has a motion identical to that of a chain of three rigid links connected by revolute joints. An
important approximated theory is developed from the general nonlinear equations, the classical
linear theory is recovered by the consistent linearization. () 1997 Elsevier Science Ltd.

I. INTRODUCTION

The study of sandwich shells has been an area of increasing research interest, due to the
enormous usage of such structures in modern mechanical systems in aerospace, automotive,
ship-building and other industries. Numerous papers have been published on this subject.
A review of papers on sandwich shells published before 1965 can be found in Plantema
(1966). Later research on sandwich structures has been concentrating on accounting for
more physical quantities in the model such as the transverse shear flexibility, the transverse
normal strain, etc. The readers are referred to Noor and Burton (1989) and Noor, Burton
and Bert (1996) and the references therein for the major contributions in this area. On the
other hand, the dynamic modelling of the finitely deformable sandwich shells, especially
when finite shear deformation is accounted for, is relatively unexplored.

The study on largely deformable single-layer shells, in a sense, can be divided into two
major methodologies. One methodology, which has dominated the field for more than two
decades, is the degenerated solid approach, in which the reduction to the resultant form is
carried out numerically. We refer the readers to, e.g. Hughes (1987), Bathe (1996) for the
comprehensive reviews, and also for Vu-Quoc and Mora (1989) and Vu-Quoc (1990)
for related issues. The other methodology is based on geometrically-exact formulations,
pioneered first for beams by Simo and Vu-Quoc (1986a), Simo and Vu-Quoc (1986b), Simo
and Vu-Quoc (1986¢), Simo and Vu-Quoc (1988), Vu-Quoc and Li (1995) and then for
shells by Simo and Fox (1989), Simo, Fox and Rifai (1989), Simo, Fox and Rifai (1990)
and Simo, Rifai and Fox (1990). In the geometrically-exact formulation, the reduction
to the resultant form is carried out analytically, and thus leads to efficient numerical
implementations and makes large-scale calculations possible.

Following the works on geometrically-exact sandwich beams and one-dimensional
plates in Vu-Quoc and Ebcioglu (1995) and Vu-Quoc and Deng (1995¢), and the meth-
odology in Simo and Fox (1989) in the formulation of the equations of motion for single-
layer shells, we develop here the equations of motion for geometrically-exact sandwich
shells, accounting for bending deformation, in-plane deformation, and shear deformation
in each of the three layers. In the present theory, each layer can have arbitrary thickness,
mass distribution, and different material properties. We adopt the single-director theory
for each of the three layers. i.e. points that are originally located on a director must remain
on the same director after deformation. The director, which is not extensible in the present
formulation, must remain straight, but not necessarily perpendicular to the neutral surface
of the corresponding layer of the sandwich shell ; thus shear deformations can be accounted
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Fig. 1. Sandwich shell : profile and geometric quantities.

for. The motion of a typical transverse fiber can best be viewed as a chain of three rigid
links connected to each other by revolute joints. The continuity in displacements across the
layer boundaries is exactly enforced.

With the dynamics of the motion referred directly to the inertial frame, the equations
of motion of sandwich shells are derived from the balance of : (1) the power of the contact
forces/couples; (2) the rate of the kinetic energy; and (3) the power of the assigned
forces/couples. These equations of motion are entirely expressed in term of stress resultant
and stress couples. The 12 principal unknowns, which describe the motion of the sandwich
shell, are: three displacements of the neutral surface of the reference layer and three
rotations for each of the three layers.

The resulting fully-nonlinear equations of motion are subsequently linearized,
especially for symmetric sandwich shells. Further reduction of the linearized equations, by
assuming equal outer layer rotations and by assuming that the sandwich shell surface is
initially flat, leads to the results obtained in Yu (1959) for the small deformable symmetric
sandwich plates. The present theory is more general in that we deal with general sandwich
shells, with no a priori assumptions in the symmetry of the sandwich shell and non zero in-
plane motion as employed in Yu (1959).

It is noted that we are not following the approach adopted in Green and Naghdi (1982)
for small deformation theory of laminated composite plates, where the authors merely
combined the layers. with each layer described by a theory for single-layer plates that they
first developed.

2. KINEMATICS OF DEFORMATION

In this section, we consider the basic kinematics for the geometrically-exact sandwich
shell, and derive some important results to be used in the following chapters.

2.1. Basic kinematic assumptions and configurations

Show in Fig. 1 are the profile of a sandwich shell in the material configuration and the
definition of the relevant geometric quantities that are crucial in the present theory. The
neutral surface [to be defined in eqn (31)] of the reference layer (0) in the material
configuration is coordinated by the coordinates (&', £%). The transverse fiber orthogonal to
the reference surface, in the material configuration is coordinated by &'. Let {E,, E,, E;} be
a set of orthonormal basis vectors associated with the Cartesian coordinate (&', &2, &*). The
neutral surface of layer (/) with # = + 1 is at the distance ,,,Z > 0 from the neutral surface
of the reference layer (0) with (,Z = 0 and is at the distance , A" from the top of layer
(), and at )4~ from the bottom of layer (/). Note that ,Z is not the ordinate, but the
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distance, and is thus a positive number, for / = —1, 1. The thickness of layer (/) is given
by

nH=nh"+nh", (1
with A # b~ in general. The domain of the cross section of layer (£) can be written as

X =k o™,
(A = [((I)Z_(1)}77),((1)2*‘(1)}1')]«
(- I)]'/": [("(71)2_1-— 1)h7)~("‘( 71)Z+(7 ,)th)], (2)

Remark 2.1. The numbering of the three layers here is — 1,0, 1, and is different from
that employed in Vu-Quoc and Deng (1995¢) and Vu-Quoc and Ebcioglu (1995), which
was 1,2, 3. [ ]

Let o7 designate the material surface of the shell and # := /}}{1 «»# the domain of
the sandwich shell in the through-the-thickness direction ; then the material domain # of
the sandwich shell can be expressed as

RBi=od XK, (3)
and the material domain ,,# of layer (/) as
nBi=sd x K. 4)

The boundary of .« is denoted by é.«. The boundary of the surface of layer (/) in the
material configuration is denoted by

O =0 X ) K. (5)

Remark 2.2. Since we are focusing on the development of the equations of motion, we
will henceforth consider the case where each layer may have different material properties
and different thickness, but all layers must have the same surface area in the material
configuration. n

To simplify the presentation, we use the notation &:= {£2, ¢} € 4 to denote the coor-
dinates of a material point, where & := {&', &} €./ is referred to as the material surface
coordinates, and ¢*e # the material through-the-thickness coordinate.t

In the development of the inextensible single-directori sandwich shell theory, the unit
sphere, denoted by S°, plays a central role. We set

§t= {te 2 t) = 1}, (6)

The deformation maps that map the material configuration of each of the shell layers into
the corresponding current configuration, as shown in Fig. 2, are written as §

@&, 1) = 0,0 (85, 0+ & o, t(E% 1),
@, 1) = ,0(&, t)+(é3_(l)z)(l)t(§z9t)*
(,”(D(i,t)==(,],(p(§3,t)+(§}+( VAN (<%} (7

where ,¢: .o+ #' is the deformation map of the neutral surface of layer (/) of the

+ The usual convention that Greek indices take values in {1, 2} and Latin indices take values in {I. 2. 3} is
adopted throughout this paper.

+ The director does not rotate about itself, i.e. there is no drill degree of freedom (d.o.f.).

§ A more general formula is given in (Naghdi [1972, p.466]) for the single-layer shell with multiple directors.
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Fig. 2. Sandwich shell: material configuration 4, reference configuration .4,. and spatial con-
figuration :4,.

sandwich shell to be given shortly. and ,t: .« +—S” the unit director to the neutral surface
of layer (¢), for # = — 1,0, 1, respectively. The kinematic assumption eqn (7) embodies the
following basic physical assumption : the deformation of the shell is such that points initially
along the initial director ,t,(&2) in the reference configuration remain along the director
»t(&%, 1) in the spatial configuration after deformation. The fact that the director field t
is straight, but not necessarily orthogonal to the deformed neutral surface of layer (¢),
enables us to account for the shear deformation in each layer.

In particular, the deformation maps from the material configuration to the reference
configuration at time 1 = 0 is obtained from eqn (7) as follows,

@ (8) =, ®(.0). for/ = —1.0.1. @®)

We now assume that the overall transverse fiber of the deformed sandwich shell is
continuous piecewise linear, and thus can be thought of as a chain of rigid links connected
by revolute joints. Using this rigid-link assumption, the deformation maps of the neutral

surface of the outer layers (1) and (—1) can be related to the deformation map of the
neutral surface of the reference layer (0) as

@&, 1Y =, @& D)+ AT ot o)t 9

( U(p(fz,l)::((,)(p(éz,l)—(o,/f((,,t—',,l,hﬂ e (10)

Remark 2.3. The deformation map for the neutral surface ., and the director field .t
are functions of the material surface coordinate & and the time ¢ only, not functions of the
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through-the-thickness variable &*, |

Remark 2.4. By virtue of eqns (7), (9) and (10), we note that the continuation of
displacements across the layer interfaces is exactly enforced. |

The map from the neutral surface of layer (¢) in the material configuration to the
neutral surface of layer (/) in the reference configuration is defined as

N @u(&?) = »(E.0), for/ = —1,0,1. (1)

The reader is referred to Fig. 2 for the profile of a sandwich shell in the material, reference
and spatial configuration and the related deformation maps.

The deformation map for the material neutral surface of the reference layer (0) can be
written as

@&, 1) == TE, +a(8, 1), (12)

where i is the displacement of the neutral surface from the material configuration to the
spatial configuration. The deformation map of the neutral surface of layer (0) from the
material configuration to the reference configuration is obtained from egn (12), by restrict-
ing the time variable to zero as follows

0 @0(&%,0) == EE, +1,(£%), (13)

where @,(&%) == @i(&2, 0) is the displacement from the material configuration to the reference
configuration. The displacement from the reference configuration to the spatial con-
figuration is

u = i— . (14)

The principal unknowns in the present geometrically-exact sandwich shell theory are:
(1) the 3 components of the displacement u; (ii) the three angles determining the direction
of the director ,t of layer (¢), for £/ = —1,0,1. There are thus 12 unknown kinematic
quantities describing the motion of the shell. However, the inextensibility of the director
ot for £ = —1,0.1 (which is equivalent to three constraint equations relating the 12
unknowns) reduces the total number of unknowns from 12 to nine. We will derive the
governing equations of motion relating the 12 unconstrained kinematic unknowns in
Section 3.

2.2. Important kinematic quantities

For the derivation of the equations of motion in Section 3, the following derivatives
of the deformation map ¢, of layer (¢), are needed. The partial derivatives of ¢ with
respect to the material coordinate £* are as follows

(())(PA( = Eaz+ﬁ.ou
Py = (0P “‘(mh+ s +mh‘ L
0P = 0@ — ol ot —nhT ot (15)
Noting that the displacement ii, of the neutral surface of layer (0) from the material

configuration to the reference configuration is constant in time, and thus by virtue of eqn
(14)
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a=1d, i=d, (16)

we can use the displacement u from the reference configuration to the spatial configuration
to express the first order time rate of ¢ as

0@ =1,
L@ = u+h" ot+nh ot
(,,],¢:ﬁ—(0)h7(0)i—l,1)/1+(,”.t, (17)
the second order time rate of ¢ as
0@ =1,
@ =i+ ht o t+,h ot

(71)(7,:6—(0)/17(0).'5_(*l)h+(4],l't‘a (183)
and the first order time rate of ¢, as

(())(Pa = l.l.:w
» — » + 2 — $
M@ =0, + " otat+mh s,

P, = l.l.ac—(())h+ (()).t.a_(fl)h‘ (- l)i.an (19)

The spatial convected basis vectors ,,g;, for layer (¢), are defined by differentiating the
deformation map @ with respect to the material coordinate &':

(/)gi(€7 t) = l;/)d).i(:* t) fOI’/ = —1,0, ] (20)
Using eqn (7), we obtain
08, 1) = 0,0,+& ot

08 (& 1) = 1o, +(E — 1, D)t

(7|)g‘1(€a [) = (A|)¢,1+(53+(7l)z)(71jt.15
8 = ,t forf =123 2n

The reference convected basis vectors ,,G, for layer (£} are obtained by particularizing
g to =0 to yield

nGi(&) =8/ 0) = ,®,(£,0) =, ®,,(&). (22)

The dual basis vectors ,,g’' and ,,G’ are defined by the orthogonality condition

<(/>g'} (/>g/> = 5'; and <(/)Gls 1/)GJ> = 55 (23)

where (-, > denotes the inner product, and &’ and 8} the Kronecker deltas.

The deformation gradient \F for layer (£) is, by definition, the tangent map of the
deformation map .,y = ., @ ,,®, ' from the reference configurations to the current con-
figuration, thus



Geometrically-exact sandwich shell theory 2523

nFi=V,x =V, ,0°[V,®] . (24)

which when expressed in the convected coordinate, is written as
nF =01, ® »G'. (25)
The component form of the inverse of the deformation gradient ,,F ' for layer (/) is then
l/)F7I =0,/G,;® g (26)

The time rate of the deformation gradient, which is crucial for the development of the stress
power in Section 3. is given below

(/)F = 5;(/)gi ® (/)le (27)

by virtue of eqn (25), and by the constancy of ,,G’ with respect to time.
The Jacobian determinants of the mapping ,,®,, ,,® and ,y are given below

o= det [V(/)d)o(f)] = ((/)Gl X (/)Gz) *nGa. (28)
= det [V(/)(Do (.0 = ((/1g1 X (HE82) "8, (29)
od = det [V (& 0] = 22 (30)

iJo

where eqn (30) is obtained by using eqns (28) and (29) and eqn (24).

We now conclude this section by defining the neutral surface of layer (/). Let ,,,p, and
P be the mass density in the reference and spatial configuration, %4, and #,, respectively.
We select the neutral surface ¢, of layer (/) such that

J (53+( 1»2)(11/0(1)/)0(153:[ (53‘*'( AREN? I;Pdf3:0-
o

L

z3 ; £3 23 ; o3
J < o mPo dé Zj < (m/(deC_ = 0.
(07 (0

J (53 _(l)Z)(llj()lllpo dQV} = J
s i

which does not necessarily correspond to the geometric center of the cross-section of layer

(#).

(Cf;*(l)Z)(n/'mpdi3 =0, 31

3. EQUATIONS OF MOTION

There are several approaches to obtain the equations of motion of geometrically-exact
shells. One way is to start from the local balance of linear momentum, (i) which when
integrated over the shell thickness yields the resultant balance of linear momentum, and
(i1) which when integrated over the shell thickness with the weighting function ¢ yields the
resultant balance of angular momentum, [see, e.g. Simo and Fox (1989) for the single-layer
shell theory]. The symmetric condition of the Cauchy stress tensor in terms of stress
resultants for the shell serves as the restriction on the constitutive laws relating the shell
stress resultants. The kinematic condition of inextensibility of the director in each layer
serves as additional constraint that plays a role in the weak form. In the present paper,
which deals with sandwich shells, we employ a different approach to derive the equations
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of motion based on the principle of virtual power, as pioneered for sandwich beams in Vu-
Quoc and Ebcioglu (1995). The advantage of the adopted approach is that the weak form
for the geometrically-exact sandwich shell can be readily obtained from the balance of
stress power.

3.1. Power of contact forces/couples

The shell resultant stresses and resultant couples, and their respective conjugate strain
measures can be obtained by reducing the expression of the stress power from an integration
over a three-dimensional domain of the shell to an integration over the two-dimensional
domain of its material surface. Let P be the first Piola-Kirchhoff stress tensor, then the
stress power of the shell expressed with respect to the reference configuration is

P.i= J P--Fdy,. (32)
‘%lr

where d77, is the infinitesimal reference volume.
The first Piola—Kirchhoff stress tensor in layer (£) can be written as [see, e.g. Malvern
(1969, p. 222)]

P = F e, (33)

where ,,J is defined in eqn (30), ,,F ' in eqn (26), and 6 is the Cauchy stress tensor in
layer (/). Using the expression for , F~' in eqn (26), the first Piola—Kirchhoff stress tensor
P =P /G ® g can be expressed as

P = (/)J(S{(/)Gl ® g (/)Ujk g ® g = (/)Jé{(/)a”(/)Gl ® g (34)

With WF given in eqn (27), we obtain the following stress power per unit reference
volume for layer (¢£)

P Fi= 001G ® 18) " 6] (058 © (1G]
= I0105(nGr (G ng " (8 ks
=g o ki (35)
where ,,G,* ,,G’ = /. The stress power for the sandwich shell can now be obtained as

1

%:J P--Fdv,= ) J P Fdy,
£ LRV

(= —

1

= ) J I8 0 n8:din Y o (36)
[/)"30

/=1

where 4, designates the reference body for layer (¢), and d,#", the infinitesimal reference
volume in layer (¢). With the definition of ,,J and ., in eqns (30) and (29), respectively,
and by the conservation of mass, we have

nJdn? o =dn? = idn ¥, (37)

where d,,# " := d./ d¢ is the infinitesimal material volume in layer (£). Using the definition
(4) of the material domain ,,# of layer (¢), the definition (21) of the basis vector (g, and
expression (37), the stress power, eqn (36), is now expressed in the material domain as
follows:
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P, ‘:f J (n/){((l)gx'mﬂ') * [(1)@,1‘*‘(53 ‘(1)2)(1)tx]+<1)t'(I)""mi} d.o/ dé’
A Joy
+J J 0/ {08 ©0) [0P.+E ot ot e ot ddE
4 l()l"(

+J f od il ng o))" [(71)¢.1+(§3+(71)Z)(71)i,1]
o J

+(__1)t'(,|)0"l,l)i}déﬂd&:}. (38)

Upon defining the resuitant forces ,,n* the resultant couples ,,m* and the resultant
director couple ¢ for layer (¢) are, respectively,

o ::J & nede’, for/ = —1,0,1, (39)
¥
(oI = (01]}5:3 08" 00 de?,
UI(I)'#
(i = (11]}(53_<1)Z)(|)g1'(|)0'dé3-
Ull)”
(- = &+ D) g e dE, (40)
V-
m/::J Whing 1nedd, forl = —1,0,1; (41
(/)J/

the stress power, eqn (38), can be simplified as

L. = Z J (o0 (@ ot i (/)i.a +nte mi] dos. (42)
o

f= 1

Remark 3.1. Our definitions for the resultant forces/couples and the director couples
are different from those given in Simo and Fox (1989) by a factor 1/, but are the same
as the weighted surface tensors (N**, M, and Q%) given in Green and Zerna (1968, p. 376)
except for the director couple ,,/. We note that the definitions employed in Simo and Fox
(1989) correspond to the physical resuitant forces/couples as explained in Green and Zerna
(1968, p. 377). We employ here the weighted surface tensors rather than the physical
resultants as in Simo & Fox (1989), because the weighted surface tensors significantly
simplify the derivation of the equations of motion. The reason we call ,,/ the resultant
director couple, rather than ‘“‘through-the-thickness resultant force™ as in Simo and Fox
(1989), will be explained later in Remark 3.4. [ ]

In order to obtain the equations of motion of the sandwich shell from the balance of
power, we reorganize the contact stress power, eqn (42) with the rate of the displacement
u and the rate of the director (,t, as the common factors.

Consider the first term in eqn (42) ; using expression (19) for ,,¢ . we first gather all
the terms with factor ¢, = 0,

1
J Y ntu, de =J i, dos, (43)
o

o /= —1

where
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]

0= Z (,,n*‘ (44)

P

Integrating eqn (43) by parts yields

1 1
[ S ui,de = Y § i, v, d(B/) — J - ado, 45)
4 o

of L= = = —1

Y

where a is the only common vector, and where d(¢.e/) is the boundary of the material
surface d.«/, and v, is the component of the normal v at the boundary of the neutral
surface layer (/) such that

oV = v,E" (46)

Remark 3.2. Equation (45) is obtained on the assumption that in the material con-
figuration, we have

(/)vx = (O)vxs Va = 1\2-\ V/: _1, l. (47)
This assumption means that the shell in the material configuration is like a straight cylinder.

The role of the notation v, in eqn (45) is simply for the symmetry of the formula.
Generally, in the reference (initial, stress free) configuration,

HVox F Vo Va=1,20 ¥ =-11 1 (48)
Next, we gather all terms having ,t or ()t as common factors, coming from the use

of eqns (19)., (19), in the first term of eqn (42), and also coming from the second and third
terms of eqn (42) as follows:

r

J [(unﬁ‘a'u))i.x‘ho){'(O)i)‘l‘((o)/ﬁ(1)“1*10)}1717711“1)'10){1] des. (49)
o

Integrating eqn (49) over the layer neutral surface by parts, we obtain an expression in
which ,t is the only common factor:

[ [(o,y0" 10)i‘1+(m/ ' (O)i:)_l' (h™ " — b oym') e (O)i.z] d.o/
Jo
= § (o + a7 () — )b~ )0*) " (O)E(O)va d(é.f)

Ot

_J [(m* + o h" (0" — 0 0, — ol (O)id&{- (50)
o

Next, concerning the top layer (1), we gather all the terms in eqn (42) (after substituting
eqn (19),) that have )t or )t as common factors to have

[ (mlﬁz'(1)E.a+(|>/'(1)i+(1)h 7(1)“1'41)i.1)d=’~’/s (51)
o

which after an integration by parts yields an expression having (,,t as the only common
factor:
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"

J ((l)'ﬁa'(l)i‘xﬂ”m{'(l)i‘hnh(|)n1'(|)i.x)d<?{:3E ((1)m1+(|)h7(l)nx)'miu)vzd(a?/)

o ot

*J [(<1tm1+(1>h7'1)“1).«_“)/]'mid&’/- (52)
£

Finally, concerning the bottom layer (—1), we gather all the terms in eqn (42) (after
substituting eqn (19),) having _,,t or ., as common factors to have

J ((77l)mx':—ni.x‘*’(»-1)/'(7—1)i_(71;h+(4)“1'(7 l)i,a)d'—ds (53)
o

which after an integration by parts yields an expression having ,_,t as the only common
factor

J (e, ——l‘ii.d—'—( 71)/'<”1)i—(71)h+(71,»“1'( —I)i,x)d'd
o

2?4 (ot — b ) ot v, @)
cof

~

_J [(-p@*— AT ™), — /L] nidﬁ]- (54)
of

Using eqns (45), (50). (52) and (54) the total contact stress power, eqn (42), can be
written as

i
P.= Jv P--Fdv, = Z j [0, + @ (/)i.x + il (/)i] d.o
Ay [

-

- _J ﬁx‘l.ﬁdd—j [ + k™ 00— ] td o/

o o
_J [(((l)md'i’(())]ﬁ(1)“1‘(0)}1 (f1)“1).1—(0»/]'(0&(1:9’/
o
‘J [((~nﬁla_(71;h+(71‘;“’).&_(—1){]'unid&‘/
o
1
+ Z ~/(/,n“‘l'l(/,\',(il(&sz/)—}-§ ((l,lfl’“}»mh*mn’)'(l)f(‘l,v,d(ﬁ,ci)
/= -1 Jc« A

-~ + — . : -~
+§ () =+ 0,17 () — (g h ™ 7)) b0, v, d(C.eF)
oo

r

+? (- n]:ﬁa_(fnh+ (—p*) - (—])i(fllvo( d(é.o/) (55)
Cof

3.2. Power of assigned forcesjcouples

Let n* denote the distributed assigned force on the neutral surface of the reference
layer (0) and ,* the distributed assigned moment on layer (£). Also let n** denote the
assigned force on the facet with normal ,g” on the boundary d(d.«/) (see the definition of
»0* in egn (39)), and , m** the assigned couples on the facet with normal ,,g" on the
boundary ,d(¢.«/) :=d(é.«/) x ,,# of the neutral surface of layer (£). The power of the
assigned forces and couples is written as follows
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1 |
yazj <n*-a+ y (f)m*-(/)i>d(sx/+§ (n*“'ﬁ(o)v1+ 3 (,)m*“-(,)i(,)v,>d(6d).
o S/ (= 1

f=—1

(36)

3.3. Rate of kinetic energy
Let (,p denote the mass density of layer (£) in the spatial configuration. The kinetic
energy 4 of the sandwich shell is given by

I . ,
H = 3 > J P @ Pd(,B), (57)
=1 n#;

where %, = ,,®(,,#) is the domain of layer (£) in the current configuration.

By the Reynolds transport theorem and the conservation of mass [see, e.g. Malvern
(1969, p. 210)], we obtain the material time derivative of the kinetic energy " in eqn (57)
as

do” ! " . )
ar > J AP @ ®d(B)), (58)
(/l*%r

r=—1
which when expressed in the material configuration is given by

dx” 1 . . )
ar , Z J f AP @ (@ d o S (59)
o (,),}‘V

=1

To simplify the derivation, we introduce the following notations

¥ =@ = JE, +0(&% 1), (60)
Y= (0)‘P+(0)h+(w)t*(1)t)s (61)
¥ = 0@ —oh (ot— -t (62)

Note that 4 is not a function of the through-the-thickness coordinate &%, and is introduced
to isolate the terms with &* as a factor from the rest as follows.

(/)(D = (/)|I’+é3(/)t. for/ = — ].0, 1 (63)

The term ¥ will play a special role in the integration through the thickness in the following
derivation. Define

k=0,1,2
I3 AI\, = J P '1].:(63),( déqa for { T (64)
e rd o £ = _130»13

where ,,A) is the mass per unit underformed area of layer (/). ., 4, is the mass moment
per unit underformed area of layer (£), and 4} the mass moment of inertia per unit
underformed area of layer (£). Since (¥ is not a function of &°, and can therefore be taken
out of the integration over the thickness, the time derivative of the kinetic energy, eqn (59)
can be written as
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d ! . . o
af = Z J J (,)p(,)],((/)lll—i—@(,)t.)‘(l,)l/l—i— C3mt) der d&’
o St

=1 )y
1

> J {nA) ¥ o+ 0 AN W it of o)
o

r=—1 .

i

+indy ot} det

1

= 2 J [ ¥+ il det,
o

= -1
where ,f and ,,q are the inertia force and inertia couple defined as

(/)f‘: ((/)AB m';i"l‘ (/)A;l) (,).t),
= ((/)A;I»(/)‘Z‘*‘(/)Ag(/).t)» for/ = —1,0,1.
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(65)

(66)

To obtain the equations of motion for the sandwich shell, we reorganize the rate of
kinetic energy according to the 12 principal unknowns (prior to the introduction of the 3
constraints of the inextensibility of the directors), as introduced in Section 2.1. From eqn

(60), the first and second time derivatives of W can be written as
0¥ = ¢ =10,

0¥ = 0§ =1,

(67)

(68)

and thus, from eqns (61) and (62) the first and second time derivatives of 3 and _ are

(1)'11’ = ﬁ+(0)h+((0)i—(1)i),
o= a—h (ot—c i),
(1)’7’ = ﬁ+(o>h+((0).f—(n.f)a

<—l)'7’ = ﬁ_(O)hi((O).t._(—l).ﬂ-

(69)
(70)
(71)

(72)

Substituting ., from eqns (67), (69) and (70) into eqn (65). we obtain the alternative

form of the rate of the kinetic energy as

d | ! . .
5'1’ = 3, J (nf ¥ +0a-ntlded,
o/

r=—1 .

J‘ <{(~1)f° [ﬁ_(o)h7((0){“(—I)i:)]+(—l)q.(*l)i:}
o

+(of i+ 09 ot +{of 0+ oh" (ot— D}
+|1)‘I'(1)i}>d&¢

1
ZJ {(/Zl(f>f)'ﬁ+((—l)q+(0)h(l)f)'<1)i
o = -

+ o8+ (0h" o f— 0k D] ol

+((1)q—(0)h+ (1)f) '(])i}ddﬁ.

(73)
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From eqn (73), we define the total inertia force f as

|
f= 3 ,f. (74)
=

in inertia couple ,,C for layer (/), with # = 1,0, —1, as

L C=q—wh" ol
0C=wq+(0h" f—wh D,
-nC=na+eh (75)
We also define the kth mass moment per unit underformed area of all the three layers as
1

/if) = X 1 AL, fork=0,1.2. (76)

/= —

From eqns (66), and (74), we obtain the total inertia force as

1

1
t= Y ,f= Y (nd) ¥+, 0,0
1 /= 1

/=

(mA,‘f(1)l];+(1)A,‘,(.)'0+(((>,AS<(>.J}+<())A,'7(m'f)
+ (-4 1)!}4—(,,”/1},( b
= (I)Ag[ﬁ‘f‘(o:/ﬁ((t))f—(l)i.)]+(1)A}z(l)E+<0>A3ﬁ+(mA:)(m.f

+(— lyAB[ﬁ“(())h 7((0).{"(—1).{)]*'(— I)A:,(~ llt

= Aﬂgﬁ‘*‘[_(mh‘ (1)A3+(1)A‘1;](1;.t'

+ [_(())h7 (—1 )A;Uv + (())A,]; + (mh‘ 11)A::]1(J)t
+Hlhoh™ Cndp+Cnd)lot (78)

and the inertia couple ,,C for layer () as
LC == 400" (1)‘2}+<1)A;£((|)|);—(<1)/7+(l)f)'*mAg(l)'t‘]

= {— Ay h i+ oh" (0 f—,0]

+{1)A;])[ii+(0)h+((0).f_(l).t) _(O)h‘ (l)'f]+(l)A}21(|).t'}

[ (o™ on AR =20,A4.) + o A7)

+(—(0,/1'(1)A2+(1)A}))(ii+(())h+(m.t.), (79)

(();C = [(_(O)hr ( |)A,lf(f1)‘./}+<0;h+¢1;/42m'j’)
F (=™ A4, ly.t.+(0)A¢];(0>"f/)+(<mh+«\)A;l'<1:'.t.+m)A;zr(0).f)]
= —h | HANi—0h (of— 0]
+ il AL+ o, h " (o) E—1)0)]
H(—oh Ay Tt eA) 0k AL o 0] 0t

_ I+ 1 + 0 s
= h (mA,:_(mh ARt
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+[((r))h7)z(71)A2+((0)h+)2(1)/‘12+(0>A;2;]10)-f
Foh (A =0l At

+(—wh () AS+ A+ b oA, (80)

1 C = [ A4) h (,,,)1'/}+(,1;,A{1,((,1,|‘/}+(0)h’(,,,,'t)+(k1,Af,(, i
= { A oh li— ok (ot— 0]
+ A= ok (o= O+ 0k A4t
= (h Ay + A E— 0 h o)
ok (k™ oA +2C 040+ Aot (81

The rate of kinetic energy (73) of the sandwich shell can finally be written as

d 2 ! .
—H = J |:f'il+ Z (/)C'(/)t} do. (82)
a* =),

r=-1

3.4. Balance of power : equations of motion for sandwich shells
The balance of the total power of the sandwich shell 1s given by

d
— P =P . 83
dzf+y° 2, (83)

In deriving the equation of motion, we will not apply the three constraints of the inex-
tensibility of the directors ; therefore there will be 12 components of virtual velocities, and
a total of 12 corresponding scalar equations of motion in component form. The three
constraints of the inextensibility of the directors will be used in the weak form [see Simo
and Fox (1989) for single layer shells, and Vu-Quoc and Deng (1995b) for multilayer
shells].

Substituting in eqn (83) the time rate of the kinetic energy eqn (82), the power of the
contact forces/couples eqn (55). and the power of the assigned forces/couples eqn (56), and
treating @ and ,t as virtual velocities, we obtain the following equations of motion [see
also Vu-Quoc and Ebcioglu (1995) for multilayer beams and one-dimensional plates].

i, 4n* =1,
(W 4 yh o 0),— o6+ m* = ),
(oM +h" (0" = h™ "), — 0 f + om* =, C.
((—I)mx*(«niﬁ(4)“1),1—(71.["1'(71)'?'* = (71)C~ (84)

where eqn (84), is the balance of linear momentum referred to the neutral surface of the
reference layer (0), and (84),—(84), are the balances of angular momentum of layer (¢). for
£ = —1,0,1, respectively.

The corresponding boundary conditions are obtained from eqn (83), after substitution
of eqns (82), (55) and (56), as follows

either uw=u* or Q" =n*’,
M _ * = X - x ~ kO
either ,t=t* or W+ 4 o0 = m*,
i - * = - - —  m*
either (ot = t¥ or i — A" 040k o )0* = oM,

. oy N B .
either | t*= _t* or _, " — _ A" _\n*=_ m*. (85)
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Remark 3.3. Note that eqns (84) and (85) are obtained without the use of the three
constraints of inextensibility of the director ; there are thus nine scalar equations of balance
of angular momentum, i.e. (84),-(84),, and the corresponding nine scalar equations in
the boundary conditions, i.e. (85),(85),. The three constraints of inextensibility will be
introduced in the weak form to reduce the number of equations of balance of angular
momentum from nine to six [see Vu-Quoc and Deng (1995b)]. |

Remark 3.4. From the definition eqn (41) of the director couple 1/, it can be seen that
«? has the same dimension as the force ,,n* defined in eqn (39) thus [ /] = [,n*] = F/L,
i.e. force per unit length, where [-] denotes the dimension of the quantity enclosed inside
the square bracket. For this reason, the quantity £ is sometimes called the “through-the-
thickness resultant force™ as in Simo and Fox (1989). However, from the balance of angular
momentum equations (84),-(84),, ¢ appears together with the assigned couples ¥,
which has the dimension of couple per unit area, i.e. [,,*] = FL/L*. Thus it is better to
view ¢ as having the dimension of couple per unit area, i.e. [,,/] = FL/L’ and therein
lies the reason for its name, i.e. director couple per unit (deformed) area [see Naghdi (1972,
p. 482)]. Of course, the other terms in (84),—(84), also have the same dimension. For
example, from the definition (40), the resultant couple .f* has the dimension of couple
per unit length, ie. [,,M*] = FL/L, thus the terms 3 in (84),~(84), have dimension
[y@%] = FL/L*. The terms i~ 0’ also have dimension FL/L", etc. [ ]

The equations of motion (84) and their corresponding boundary conditions (85) can
be simplified if we introduce the following notations

4 -~ —
(A = T+ A0,

= T + -
o = (W + BT (W — I

(,l)vﬂz ::(,|)mi—(7|)h+( l)na. (86)
Then the equations of motion (84) take the following alternative form:

i, +n* =1,
(ydl) o — iyl +om* = ) C,
G0y o — 0, + (oyit* = ,C,
(1)) y— (1 + o i* =, C. (87)

The force boundary conditions (85) take the following form

M= (88)

Remark 3.5. 1f (i) only the core layer (0) exists without the outer layers, and (ii) the
reference surface we chose is the neutral surface for the sandwich shell [see also (3.22) Simo
and Fox (1989)], then the equations of motion for sandwich shelis (84) or (87) reduce
exactly to those obtained for the single-layer shells in Simo and Fox (1989), keeping in
mind the difference in the definition of the resultant forces/couples between the present
work and Simo and Fox (1989) [see eqns (39)—(41)].

The above assertion can be proved via the following procedures: (i) all the items that
relate to the two outer layers are zero, thus the equation of motion for linear momentum
(84), becomes



Geometrically-exact sandwich shell theory 2533

(n)ni ,a+(0)n* = i (89)
where the resultant force f is obtained from eqn (78)
’f= A‘gﬁ“_(o)A‘l) (0)‘{, (90)

(i1) omit the layer index and remember the definition of the neutral surface leads to
A4} =0, eqn (89), can be reduced to

0", +n* = A% 91)

Notice the difference from our definition of the resultant contact force and that in Simo
and Fox (1989), we could see that the equation of motion for linear momentum (84), is
exactly the same as that given in Simo and Fox (1989).

If we omit the layer index, then the angular momentum equation for the core layer
becomes

m*, —/+m* = C. (92)

From eqn (80). and use the two assumptions at the beginning of this Remark, we obtain
C = A1. Recalling the difference from our definition of the resultant contact couples and
that in Simo and Fox (1989) (see Remark (3.1)), one sees that the equation of motion for
angular momentum (84); is exactly the same as that given in Simo and Fox (1989). [ ]

Remark 3.6. If we assume, on the other hand, that (i) the three layers have the same
rotation, i.e.

(-nt=@t=mnt=t; (93)

(1) the reference surface chosen is the neutral surface of the whole sandwich shell i.e.

1

> J P & det = 0: 94)
nH

/=1

then the equations of motion (84) for sandwich shells reduce exactly to the equations of
motion (128) for single-layer shell in Simo and Fox (1989).

We will first prove that the balance of linear momentum (84), for sandwich shells will
reduce to that of single-layer shells. From eqn (39), the total contact force for the sandwich
shell, eqn (44) can be written as

1

1
i = Z M= Z j Wing e ds = J jgreds. 95)
=1 / 1 " 4

Using eqns (64). (76) and (94), the inertia force in eqn (78) can be written as

f=Adii+[ A} + 04, + A
1 1
= { Z .[ (/)P(/J:d€93j|ﬁ+|: Z J </)P(/)jr(§”)l d53:|t
F= -1 o = —1 4

_ ( J ol dé‘)ii. (%6)

Thus, eqn (84), reduces to
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I | I
-<J _i,g"ad53> +._n*:._<J P )u 97
I # o Ji I #

Note that our definition of the applied resultant force n* is different, by a factor 1/, from
the definition of the applied resultant force per unit length fi in equation (A.5) of Simo and
Fox (1989). Using eqns (3.23) and (4.5a) of Simo and Fox (1989) for a definition of the
mass per unit length p and the resultant force n* respectively, we can see that eqn (97) is
exactly the same as eqn (4.19a) of Simo and Fox (1989).

We now check the balance of angular momentum. Sum up (84),—(84), to obtain

|
~ — £ + x x* + %
|: Z O+ AT W+ BT — bt =k (l)n:|
=1 x

1

> 1 nC. (98)

1 1
- Z «/)/Jr Z (,)rh*z
o 1 ;= 1 /
Note that

wh™+uh™ =02, oh + b =2 (99)

and using the definition, eqns (39) and (40) of resultant forces and couples, the items in the
square bracket in eqn (98) can be reduced as

1
= X - x + X - x + o
Z A+ AT G AT = b g = T
P

1
— = X A . xr3, =3 _ faXil., 3
= ) oW+ Zon = Zogni= ) j A8 E o dS —j Jg<edl.
/=1 » A
i

(100)
Using eqn (41), the second part in eqn (98) can be written as
1 1

Z nl = Z [ (/Jt/)gJ'(/)ad*f} Zj gt radd (101)
1 U J H

(= b= -

With equations (79)—(81). (93) and (94), the total inertia couple can be rewritten as
|

Y € =laoh (oh" Ay —20,4)+ 0470t

P
(=t AL+ AN+ 0k 0D+ kT (A4 — h T 1 AD 0T
+ G0k ) oA+ (0T A+ A Tt
+oh (= A, —oh™ ANt (b nAD oA, o hT 4D
+loh ™ A+ AN 0k D)
Floh (oh™ oA +2C 04+ A0t

1 1 AN 1
= (/_Z](/)A,‘)>ii+( 21(/)/1,%)'{: < zl‘,,Ag>‘f. (102)

Finally, using eqns (100)—(102). we can write the balance of total angular momentum

(98) as
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1 I
(J LgT3'ad$> *J‘jg3'adé3+ 2:(”m*::< Z;(”A§>L (103)
# P # F=—1 f=—1

1
Note that our definition of the applied resultant couples {:Z;' 1 «~»m* is different from the
definition of applied director couple per unit length i in eqn (4.18) of Simo and Fox (1989)
by a factor 1/j,. By employing eqns (3.24), (4.10) and (4.11) of Simo and Fox (1989) for
definitions of the mass moment of inertia per unit length T, the across-the-thickness
resultant # and the resultant couple m*, we can see that eqn (103) is exactly the same as eqn
(4.19b) of Simo and Fox (1989). Thus the equations for single-layer shells constitute a
particular case of those for sandwich shells. [ |

3.5, Angular velocity;acceleration of director field

To solve the equations of motion given in eqn (84), we need the explicit expression for
the first and second time rate of the director field. To this end, we recall some mathematical
concepts (Simo and Fox, 1989).

Define the set of rotations whose rotation axis is perpendicular to the vector E as

St={AeSOQB)|[for¥e#* suchthatA¥Y =¥, and ¥-E =0}, (104)
where SO(3) is the set of orthogonal transformations. Each rotation operator Ae S¢ will
apply a drill-free rotation on the vector E, i.e. a rotation of E such that E does not rotate
about itself ; there is thus no drill d.o.f's in the rotations. Let E = E* = E; be the material
director field. To each spatial director t # E, there exists a unique (Simo and Fox; 1989)
rotation operator A € S§ such that

ot =, AE. (105)
The time rate of the spatial director t can be expressed as

it = HAE =\ A(HA' LAE = A ATt (106)

Define

= A A, b= (,)A(,,A’, (107)
where ,,Q is the material rotation velocity tensor, and ,,é the spatial rotation velocity

tensor. Both ,,Q and ,,® are skew-symmetric [see Simo and Fox (1989)]. We also define
the axial vector ,w associated with @, [see, e.g. Chadwick (1976, p. 29)], as follows

Yhe 2%, ,6Gh= ,0xh. (108)
Thus the time rate of the director field, eqn (106), can be expressed as
=0t Lo, t=0, (109)
which 1s the requirement of no-drill d.o.f.s.

4. LINEARIZED EQUATIONS OF MOTION FOR SANDWICH SHELLS/PLATES

The fully nonlinear stress resultant geometrically-exact sandwich shell equations of
motion obtained in Section 3 will be linearized systematically here, based on the small
deformation assumption. The reader is referred to Vu-Quoc and Ebcioglu (1995) for the
analogy in the linearization of geometrically-exact sandwich beams and one-dimensional
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plates. Here we will verify the proposed theory by comparing a particular case of its
linearized version to the linear equations of sandwich plates obtained in Yu (1959). In this
particular case, a symmetric sandwich plate is considered, in which the top layer (1) is
identical to the bottom layer (— 1), and the core layer (0) is symmetric about its neutral
surface. Further, it is assumed that the rotations in layer (1) and in layer (—1) are the same
[see Yu (1959)].

4.1. Alternative equations of motion for sandwich shell

For the subsequent comparison of the linearized equations with those in Yu (1959),
we can replace the three equations of motion for angular momentum (84),—(84), by a set
of equivalent equations. First, summing up eqn (84).,-(84),, we obtain the equations of
motion for total angular momentum of geometrically-exact sandwich shells

[ﬁlz"'(u))/f(1)“1“(0)/1'<7|>nz)+((|)h”(|)n1"( wh* |)“1)].x’f+ﬁ‘*zés (110)

where
LT SR S (111)
o=+l + L. (112)
W* = ;g Wt @, (113)
C:=,C+0,C+ G, (114)

with f@* being the total contact couple on the facet with normal ,,g*,  the total director
couple, m* the total assigned couple, and C the total inertia couple. The difference between
the contact couple ;fi*— _,;@” is governed by the following equation

[(y@™— @) + (a7 )],
_(m/_rf l)[)+((l)m*_(—l)m*) = (1;(:—(711C~ (115)

obtained by subtracting eqn (84), from eqn (84),. Thus a set of three equations of balance
of angular momentum equivalent to eqn (84),-(84), is eqns (110), (84);, and (115).

The boundary conditions corresponding to (110) and (115) are obtained by adding
eqn (85),—(85), and by subtracting eqn (85), from eqns (85), to yield

' — 0 (AT ol ) a0kt k) = m*, (116)
((l)mz_(wi)mx)+((l)h '<l)n7+( l)h‘tf an) = (l)m*_hl)'ﬁ*' (117)
Thus the boundary conditions for the equations of motion (110}, (84);, and (115), are eqns

(116), (85)+, and (117), respectively.
From eqns (79)—(81), we obtain the total inertia couple C as follows

C= A,,u+ Z Ayt 0h" AN (0 =200 — 0 h AN (0 E—=2 1D

_((0)/74 )2(])A/(:((o).t'_(lj.t.)_((O)hi)z( l)A()(lO) ( ]).t-)
+(0h") A0 (o t— D+ (0h ) A (ot— D)

4 I o _ | .
+(())h (I)Au(l t_ ()h (,])A‘,(,l)t

_A]“+ Z A it

+ ot ALt == 0k Ay Lot— 0l (118)
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and the difference (,,C — _,,C) as follows

LWC— ) C=(—h™ A, —h™ CnAp+1mAd, — - 1n4,)i
+(1)Af,m'f—(\1,A;(,.)f+(0)h*(.)A,l,((o,t—2(,,'t)+((,)h"(,,‘,)A,l,((o)'t'-2(,1,‘t)
#((0)}1+)2(1)A2((0)-t._(1).0+((O)hi)z(—I)Ag((()).t.”_(—l).ﬂ- (119)

4.2. Equations of motion for symmetric sandwich shell
Now, let us consider the symmetric sandwich shell. We have

(/)h =" =ph V= -101, g h= _ph op=_yp (120)

and thus
oAy =0, A=Ay, WAy = — LAy A = A, (121

From eqns (84) and (78) and (79), we obtain the following nonlinear equations of
motion for symmetric sandwich shells

B+ 0* = (o a0 A5+ AT (= oA+ o, Ao T+ A (122)

~ A ~% 0 R 2 P
(i* + A 8%, — )+ i —(‘(o)h(nAp+(1)Ap)“+mApmt

+(0)h(l)A,|;((0).f (l)t.) ((())h) (I;A()((O)t l)'t)* (123)

X x
(@ + (o)1, — (o)1 ¥, — 0y + (o 1* _(O)h(l)Aﬂ(l)t—(O)h( ])Ap I)t+(0)Af>(0)t

+ ((o)h)z (1)A2((0)t-<1)ﬂ + (ro;h)2 (— 1)A2((0)'f_ (— |).t.)» (124)

(- = phoy07),— 4 oy m* =(<0>h(—1)A3+'71;A,l;)ﬁ+(—1>14;2}(a1)-t.
—(O)h(—l)A/IJ(IO).f_z(fl).t)—((())h)z(71)A2((0).f_(‘l).t.)~ (125)

Similarly to the discussion at the beginning of this section, the balance of angular
momentum equations (123)—(125) can be replaced by a set of three equivalent equations:
eqn (125) is replaced by the sum of eqns (125), (124) and (123); eqn (124) remains the
same; eqn (123) is replaced by subtracting eqn (123) from eqn (125). Summing up eqns
(123)—(125) we obtain

~ ~ ~ - I By e .. s .
(@ + (o, i+ (™ — )], — £ +]* = A,],ﬁ'*' z (/)A;mH‘(o;hlle,l>(2(0)t“(1)t—(—|>ﬁ
(= -1

1

= Y o4 ot ohndQet— - 0. (126)
1

Subtracting eqn (123) from eqn (125), we obtain

[y — @)+ A%+ )], — (0 f — ) + (o @* — i)
- 2( ) (lIA/) +(1)A/J)“+[(l) ; —Z(O)h(l)A/)+( O)h) HA ((1] (- 1)t) (127)

The force boundary conditions for eqns (126) and (127) are obtained from eqn (116)
and (117), by using the symmetric condition (120), as follows
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lﬁi+((())h+(l)h)((l)n1_(—l)nd):ﬁl** (128)

(o — i) + AT+ o pn%) = it — . (129)

4.3. Classical results for symmetric sandwich plate

The equations of motion obtained in the previous section reduce exactly to the classical
results for sandwich plate obtained in Yu (1959), provided we make the following assump-
tions as in Yu (1959) : (i) only small deformation is considered (this assumption only affects
the inertia part of the equations of motion); (ii) the sandwich plate is symmetric with
respect to the neutral surface, i.e. eqns (120) and (121) hold true; (iii) the two outer layers
have the same rotation, i.e. _,t = t.

A consequence of the assumption (i) above is that ,,/, = 1. From eqns (39) and (44)
we obtain the total resultant stress n* as

1

A= ZIJ g o dd (130)
H»"’/

P

The resultant couple ,,ih* and the director couple .,/ can be simplified by substituting
o J: & 1 into eqns (40) and (41) to yield

aym” =:J (63_(1)2)(1)g1'(1)6dé3e
(H*

(O)Iﬁ’::f {("O,g“'(o,adé}, (131)
oy F

~ o =3 X, z3
(—pm =:f &+ nD-ng i nedl,
—n*

(,)/::f g pedEt, fors = —1,0.1. (132)
wnH

The consequences of the assumptions (ii) and (iii) above are
o= _ @m* and n*=— _ 0 (133)
The consequences of the assumptions (ii) and (iii) above are also eqn (121) and
=t (134)
Using eqns (121) and (134), the balance of linecar momentum equations (122) becomes
i, +n* = A)i. (135)

The balance of total angular momentum equations (126) becomes

A - A !
[+ (o i+ M (0 — 0], — 4 +m* = Z

/= —

(/)A/2>(/).t.+2(0)hlI)A;I)((Ol-t._(l)’f)' (136)
1

The balance of angular momentum equations (124) becomes
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= % 3 x ~ sk
(o)™ + oy 0" — oy 1y 17) = v + oy

= 2(0)}1(\)/‘1); m.t.‘*‘ ((JJA;:) (0).t.+ 2(10>h)2 (I)A;:((())‘f—(l)’ﬂ- (137)

Due to eqn (133), the balance of angular momentum eqn (127) vanishes identically. Thus
the three nonlinear equations governing the motion of the symmetric sandwich plate with
identical outer layer rotations are eqns (135)—-(137).

The force boundary conditions corresponding to eqns (135)-(137) are obtained from
(85),, (116) and (85),, respectively,

n* = n**, (138)
@+ (o, i+ )P ()0 = \0°) = m¥, (139)
“))ml‘JF(())h(])nz_(o)h(,|)nx - ﬁl*z. (]40)

Now, decompose the displacement u and the director .t in the material Cartesian
coordinate as follows

ui=uE' +0E2 +wE, (141)

nt=WE'+ , 0E 4+ (,,f+ DE", (142)

where {E'} is the Cartesian basis in the reference configuration. From eqns (141) and (142),
we obtain the second time rate of the displacement u and the director ,,t as follows

it:=yE' +¢E* +wE”, (143)

b= WE' + 0, 0E +, fE". (144)

Using eqns (143) and (144), we can easily verify that the component form of the equations

of motion (135)—(137) are the same as equation (9) in Yu (1959). To simplify the pres-
entation, we now just compare some component equations here.

Shown in Fig. 3 is the configuration of a symmetric sandwich plate and its cor-

responding geometric quantities written in the convention as in Yu (1959). The material
properties in the present paper can be expressed as

(P = (P =p2, mA,l, = —{an,]»:>%P:(h2“hf)~,

(())A:) =0, (())A;: =2phy. (|)A,(3 = (,71)/12 = pshs, ((),A,:Q :>§P1h?- (1453)

We now want to compare the first equation in eqns (135), (136) and (137) with eqns

layer (3)

//////////////////////////

layer (1) layer (2)
Fig. 3. Symmetric sandwich shellin Y. Y. Yu’s convention : profile and geometric quantities.
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9, (9), and (9),in Yu (1959), respectively. To this end, we list the equations (9),, (9), and
(9);1n Yu (1959) below.

N, N, .
E = (T hn = (T-2) _i) = 2(p By + pahry)id
0 h, ¢
AL h + (Nﬂ N\'“) + == Mn+ h + (Nv\% N\-yz)
ox dy :
A
- Q\’ +!I[(T:x3)h : (T:.XZ)—Q
{2
2 s 2
= *7‘1# +ph (B —hi) (Y — )+ p2 g(h' —hiW,

v
131

0

d 0
E; [Mxl + hl (N,\’B - ]V\Z)] + Ey [M.\’)‘l + hl (N,\{\’.? - nyZ)] - Qxl +hl [(T:x})h - (T:xz) —h]

2h} . A, .
=Py 5V 2pa ki = 2) + poh (0 — )

Firstly, let us compare the first component of eqn (1335) with eqn (9), in Yu (1959).
The first equation of eqn (135) can be written as

A A e = A, (146)

where the term #'' | +7'?, corresponds to N /dx+ N,,/éy in Yu (1959) and the assigned
force n*' corresponds 1o (1.,3), — (7-12) _4 in Yu (1959). Using eqn (145), the inertia force in
(135) can be written as

A%t = 2(p ki, + p2hy)id. (147)

Thus, eqn (135), is exactly the same as eqn (9), in Yu (1959).
Secondly, we compare the equation of total balance of angular moment, eqn (136),
with eqn (9), in Yu (1959). Note that

h7
ol =M., h"=h, oh =k =>?'. (148)

The first square bracket in eqn (136) is the same as the term [1] in Yu (1959). Also notice

that 7 has the same meaning as Q.. and the boundary term f* is the same as term [2] in
Yu (1959). Finally, by using assumption (iii), eqns (144) and (145), the inertia force in eqn
(136) (left hand term) can reduce to term [2] in Yu (1959). Thus, the first component
equation of eqn (136) is identical to eqn (9), in Yu (1959).

Using the same procedure, we can easily prove that the first component of balance of
angular momentum, eqn (137), can reduce to eqn (9), in Yu (1959). The other component
equations can also be proved in the same way.

5. STRAIN MEASURES AND CONSTITUTIVE LAWS

In this section, we derive the elastic constitutive equations in terms of the stress
resultants and conjugate strain measures To this end, we first introduce the layer effective
stress resultants (resultant force 4™, and ,,§*, and resultant couple /™), and then derive
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their conjugate strain measures. The constitutive laws related to these quantities will be
postulated. The reader is referred to Simo and Fox (1989) for further detail on the single
layer case.

5.1. Constitutive restriction

In Section 3, we define the resultant force ,n* in eqn (39), the resultant couple /" in
eqn (40) and the resultant director couple £ in eqn (41). These quantities are not inde-
pendent, but are related to each other by a relation, called the constitutive restriction, arise
from the local balance of angular momentum in the three-dimensional continuum, which
in turn give rise to the symmetry of the Cauchy stress tensor. One can think of this
constitutive restriction as the resultant form of the symmetry of the Cauchy stress tensor.

The local balance of angular momentum is written as

8= ne', or (g ,6)x g =0. (149)

Multiply eqn (149), with ,/,, integrate the result over the layer thickness . and make
use of eqn (21), we obtain

J {(mgl "1H0) X [(|)¢.a+(§3 —mL)mt.l ‘|'((1)g3 '(1)0') X (1)t}(11j1 d£3 =0,
e
j {((o)gi *(0y0) X [(())‘P.a(‘Ff3 b+ ((0)83 *(0)6) X (O)t}((])jt d&’ =0,
it

J {((AI)gz'(—l)a) X [(4»‘/’,14‘(53 +(7I)Z)(71)t.a]+((fl)g3 1O X |)t}(~11]‘zdé3 =0.
(—1)'”
(150)

Substitute in equation (150) the definition of the resultant force ,n* in eqn (39), the
resultant couple ,,f* in eqn (40), and the director couple .,/ in eqn (41), we obtain the
following relation linking these stress resultants :

O X ()@, T (Xt + Xt =0, (1s1)

which represents the restriction placed on the admissible form of the constitutive laws by
the balance of angular momentum,

5.2. Alternative form for the balance of angular momentum
Using the constitutive restriction, eqn (151), the equations of motion for the balance
of angular momentum (84),-(84), can be recast in an alternative form. Define

= X WY, mY = gt M (152)
First, by forming the vector product of (_t and (84),, we obtain
ot (= AT )= ot g f ntx it =t G (153)

By substituting eqn (151) in (153) and reorganizing the term in the parenthesis, notice that
»h~ and A~ are not functions of £* we obtain
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~ ~ +
((—ptx W), —, ey x it — 1)h PETEY DI | WV SRR NS R | &

+nte X g+t it = tx o, Co (154)
Using eqn (152), eqn (154) can be rewritten as
oML — AT X gt @ X o ymF = ex )G (155)

Similarly, we obtain from eqns (84); and (84}, the following alternative equations of motion
for angular momentum

3 - % - x P k*
oM+ T ot gl — o ot X it @, X o+ ym* = tx (,C. (156)

11)m.jx+L(l)h7(l)tx(l‘)niz*'(l)‘/"x X[l)n1)+(l)m* = ntx,C (157)

Y

Remark 5.1. We now proceed to prove that eqns (155)-(157) can be reduced to eqns
(3.37)-(3.39) in Vu-Quoc and Ebcioglu (1995) for the two-dimensional geometrically-exact
sandwich beams. To simplify the verification, we only consider eqn (157) for the top layer
(1), which corresponds to eqn (3.39) in Vu-Quoc and Ebcioglu (1995), as an example. To
lead the readers through this verification. we recall that eqn (3.39) in Vu-Quoc and Ebcioglu
(1995) reads as follows

(1)’7745‘+‘L[(o)®o.5 X ()N - e; _v(())h(oﬂs(:n“ ’ (o;tzLth(ﬂ' 't )..s) + oyl = ,C, (158)

where the layer indices have been changed to be consistent with this paper (see Remark
2.1). In eqn (158), (. oy, o4 and ,C are, respectively, the resultant contact couple,
the resultant contact force, the resultant assigned couple and the inertia couple associated
with layer (1), whereas @, ,0. ,h and t, are, respectively, the deformation map of the
centroidal line of the core layer. the rotation of the centroidal line of the core layer, the
half-layer thickness of layer (7), and the basis vector attached to the layer cross-section.
The subscript .S denotes the derivative with respect to the spatial coordinate S along the
beam axis. By making the projection of eqn (157) on the spatial Cartesian basis vector e;,
it is easy to verify that the quantities ,,m*%, ,,m* and ,t x ,,C for shells in eqn (157) (i.c.
the non-underbraced terms) correspond to the quantities (., ,.# and ,,C for beams in
eqn (158), respectively. Using eqn (9)—i.e. the relation between deformation map of the
neutral surface of layer (1) and that of the core layer (0)—the underbraced terms in eqn
(157) can be rcorganized as follows

- 2 % __ X + — x
ATt L @ X 0T = 0,0, X (G T+ 0 AT ot X s A ()X 7).

(159)

Notice that the director t in shell theory corresponds to the basis vector t, in beam
theory, and that in the plane beams we have t, s = — 05 ot and gt X ot = e;. Thus,
by forming the projection of eqn (1359) on e;, the right-hand-side terms in eqn (159) reduce
to the underbraced terms in eqn (158).

We thus proved that eqn (159) can be reduced to (3.39) in Vu-Quoc and Ebcioglu
(1995). Similarly, we can prove that the angular momentum equations (155), (156) for
sandwich shells can be reduced to the angular momentum equations (3.37), (3.38) for
sandwich beams in Vu-Quoc and Ebcioglu (1995). The computational formulation for the
equations of motion in Vu-Quoc and Ebcioglu (1995) and several numerical simulations
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are discussed in Vu-Quoc and Deng (1995¢) and Vu-Quoc and Deng (1995a). |

5.3. Effective stress resultants

To obtain properly the invariant elastic constitutive laws for geometrically-exact sand-
wich shell, we make use of the definition of the effective stress resultants ., ii"”* and ,§* (see
Simo and Fox (1989)). To this end, we must make use of the inextensibility of the director,
ie. HteSm

First, we decompose the spatial derivative (t, of the director .t along the neutral
surface convected basis {9, t} as

nta = (/}/"f;v)(o.u‘i‘(/)/‘-i nt (160)
Using the constraint ., te $°, or equivalently ,t-,t = 1, we obtain
bt =0, Lt ,t=0, ,t b, =—,t,-,t for/ =123 (161)
Using eqn (161),, we obtain from eqn (160) the expression for ,,4%, as

hx = —inlan@u it (162)

We now resolve the stress resultants ,,,n* and ,, m”* along the neutral surface convected
. (@] (@]
basis {,/,@.. .t} as

o = 1 0+ g ot (163)
W = 1 @yt i (164)
Substituting eqns (163) and (164) into the constitutive restriction, eqn (151) we obtain

(™ NP X @aut (G ) X (@, + (11" Pt ) Xt Xt = 0.

(165)

The projection of eqn (165) on ,t yields
(7 1 @0.0) X (@] it [P @ 5) X ]t =0, (166)

which. via the use of eqn (160), leads to
(A + BTV (@5 % (@) "t = 0. (167)

Furthermore, by interchanging the dummy summation variables, we obtain another form
of eqn (167)

(rn** “'m}a[it AW @ X (@)t =0. (168)
Consequently, from eqns (167) or (168), we define the effective resultant membrane stress
W A (169)

saff af S ~uff .
= T L T = a0

Since (/@ 5 X (@)t # 0 for x # B, it follows from eqns (167) and (168) that
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P = i (170)
i.e. the effective membrane force tensor i = ,,# ¢, ® (¢ 4 is symmetric.

Remark 5.2. We give eqn (169) two possible expressions for the effective membrane
for . In Simo and Fox (1989), only expression (169), was obtained. It should also be
noted that the convention for the superscripts of the components of the stress tensors
employed here follows consistently the convention used in Malvern (1969), and differs from
the convention used in Simo and Fox (1989) ; see the definitions (39)—(41). [ ]

The components of the director couple ¢ with respect to the basis vectors { /@ .t}
can be expressed in terms of the stress resultants as follows. Let

il = L@t oint (171)

Forming the dot product of the constitutive restriction (165) with the basis vector ¢ and
making use of eqn (160), we obtain explicitly the expression for the components ., L” as

% __ o -3 ~ 2 2% S 3
L™ = @ — A+ ) Ky (172)

in terms of the stress resultant, and arrive at the following expression for the director couple
!
)

Y ~3 ~ n ~ul3 -
ol = (g — A+ Ay )@ 2t At (173)

Let the effective resultant shear force ,,§* be defined as follows

~ 13 =~
nd" =g —nAunh™, (174)

then the director couple ¢ in eqn (173) is now expressed as

r oy Ay ~u3 -
nl =g Pzt W Au) @+ (it (175)

The effective stress resultants are crucial in the development of the constitutive equations
for sandwich shells in the following section.

5.4. Reduced stress power and conjugate strain measures
The convected basis vector at the spatial neutral surface are denoted by {,,,a,; and are
obtained by evaluating the basis vectors {,,g} at £ =0, i.e.
{(/iag} = {(naA1, (a2, (/)33} = {(/)‘P.1’</)(P.2a (/1t}|:‘:o» for/ = —1,0,1. (176)
The basis vectors {,a'}, dual to {,,a,}, are defined by the standard orthogonal relation

{inay, (/)a]> =9/, (177)

where &/ is the Kronecker delta. The convected basis in the reference configuration is given
by specifying ¢ = 0 in the spatial-neutral-surface convected basis to obtain

(/)A1} = {(/)A13(/)A25 (/)A3} = {(/)als(/)aze (/)aJ}]rzo, forr= —1,0,1. (178)

——

The basis {,A”}, dual to the reference-neutral-surface convected basis {(,A,}. is defined
similar to eqn (177).

The membrane strain ¢, the bending strain measure . p and the transverse shear
strain ,,0—which, as we will see later, are conjugate to the resultant membrane stress (,)ﬁ/"",
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the resultant couple 4" and the transverse shear (,§*, respectively—can be defined as
follows

&= (,,fzdﬁ(,,a’@(/)a/‘, (179)
P = (/)Pz/ﬁ(/)ad®(/;aﬁa (180)
0= 0, na". (181)

The components of the strain tensor ¢ are given by
(1€xp = %((/)azli — i Axp)s (182)
where
N = (nAy " (n8g  n A= AL Ay (183)
are the component of the Riemann metric tensors of layer (/). a2 ® " and 4,
A ® AL, in the spatial configuration and in the reference configuration, respectively [see,

¢.g. Naghdi (1972), Marsden and Hughes (1983)].
The components of the bending strain tensor p is given by

1Pap = (/)Kaﬂ_(/)xgﬁﬂ (184)
where the spatial director (non-symmetric) metric k., for layer (£) is defined as
N Kxp = (n2: " (g, (185)
and reference director (non-symmetric) metric .k, for layer (¢) is defined as
v)'\'gs = A ntog (186)
The components of the transverse shear strain 4, are given by
0, = (/))’a*(/)?'ga (187)
where
Y2 = ndx nt, (/))’2 = (/)Aq *ntos (188)
which are measures of how much the director .t and the director t, depart from the
normal to the neutral surfaces in the spatial configuration and in the reference configuration,

respectively.
We have the following relations between the spatial basis ,a, and their basis ,a*:

@ = pna’ pay,  d = pat 8t ,dap = 0 (189)

From eqns (183), (185) and (188), we have the following time rate
lap = (A, (HAp T (A" (A, (190)
Kag = 0l ot 2 ot (191)

nTap = At nay </)i- (192)
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Relation (190)—(192) play an important role in the development of the expression of the
contact stress power and to identify the conjugate strain measures.

To this end. substitute eqns (163), (164), and (175) into the integrand .,/ of the stress
power Z_in eqn (42) to arrive at

— N 5 Y . H . ¢
A=W @t W7ttt

= # .4 .t
=" g+ g Ht) (/)aa+< mm / gt (,,m Yot )> )l
hd

(1 [2d [2bl

v
[3b] [3b]

+(L(,,q’(,)aa+(,,/‘._’,,(,)m“‘ »as + (,,))u(,,t>-(,,i. (193)

Next, using eqns (169), and (174) in part [1] of egn (193) ; eqn (191) in part [2a] of (193),
and (161), in part [3b] of (193), we can rewrite ,,/ as follows

1_—( RSN a,° Ha,+ G A i t 4
() ) V() ()4 (% (/)q (1) ) (r18y

[1a] [1b] [2a] [2b]

~ xf - L. ~ a3 . H
+ <V"K"/‘\_ LY (,)t.,)>—\(/)m bt y
Y

[31 \[(4]
< Y A VAN )(/)ax.(/)i:‘ (194)

[5a] [50]

By the symmetry of ,n* as expressed in eqn (170) and by definition (190) of ,,d,;. part
[la] of eqn (194) can be written as

T apt b, =10 0A, a8, 8] = 5B ay. (195)
part [2a] and [5a] of eqn (194) can be combined to yield
0@ (At ) = 1§ i (196)
by virtue of definition (192) of ,,7,, part [1b] and [2b] of (194) are combined to yield
A 8 (AL Bt i) = T A, o, (197)

by virtue of (160). Clearly, eqn (197) cancels part [3] in eqn (194) ; thus parts [1b], [2b],
and [3] in eqn (194) cancel each other. With the aid of eqns (160) and (161), part [4] in
eqn (194) can be written as

5 3 .8
o (/)t (s nat o/ 11/)t)_(/]/‘u(/m 7Y PRV 8 (198)

which cancels part [5b] of eqn (194) ; thus parts [4] and [5b] in eqn (194) cancel each other.
Finally, using eqns (195) and (196) in expression (194) for ./, the stress power #, in eqn
(42) of geometrically-exact sandwich shells can now be written as
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‘Lyc = Z J' [%(/)ﬁﬂx(/)a‘aﬁﬁ_(/)mm (/’)K‘aﬂ_i_(/)qj(/)ya] d‘%/ (]99)
o
5.5. Constitutive relations

For layer (£), we employ the constitutive relations

E H r
(/)ﬁlﬁ = % (/)Hﬁyw(/)g;m (200)
— W

3
Saf ElH) pay

i il 0 P60 (201)
12[1 —(yv)7]
0§ = KinGy Hip A7 )05, (202)
where
= b+ ph™ A7 = A AP, (203)

is the total thickness of layer (¢), and the dual metric tensor of layer (/) in the reference
configuration, Whereas ,E. ,,G. v are the Young’s modulus, shear modulus and Poisson’s
ratio for layer (£), respectively, and K is the shear correction coefficient, when K = 5/6 eqn
(202) is the same as that given in Naghdi (1972, p. 587). The elastic constant ,,-HH**° given
as follows

(/)Hﬁm = </)V1/‘>Aﬁ1 </’)A7d + %(1 — ")((/)Aﬂ:" mAw + (/)Aﬁd A%, (204)

is a fourth order elasticity tensor.

6. CLOSURE

In this paper, we have presented a detailed development of the dynamics of the
geometrically-exact sandwich shell theory obtained by reduction of the general three-
dimensional continuum mechanics theory by means of the one inextensible director assump-
tion, and by using the balance of power of the sandwich shell. The fully nonlinear equations
of motion is subsequently linearized systematically, based on the small deformation assump-
tion. In particular, for the symmetric sandwich plate, the linearized equations can be
reduced exactly to the classical results as given in Yu (1959). The equations of motion can
also reduce exactly to the equations of motion for sandwich beams presented in Vu-Quoc
and Ebcioglu (1995), for which the numerical justification is given in Vu-Quoc and Deng
(1995¢). Our future work will be concentrated on the weak form and the finite element
implementation of the equations of motion herein.
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